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CHAPTER 6

Maximum / Minimum Problems

Methodsfor solving practicad maximum or minimum problems will be examined by

examples.
Example
Question: The materid for the square base of arectangular box with open top
costs 27 ¢ per square cm. and for the other faces costs 13% ¢ per square
cm. Find the dimensions of such abox of maximum volume which
can be madefor $65.61.
Aunswer:
|
| h  Le the dimensions of the
|
I box be x cmshby x cms by
M -
p g h cms as shown.
/ X
/

. . I 1||
Cost of making the box is 27x? + :13=¢4xh
9 too 2%
(base) (4 faces)

! 27x*+54xh =6561 (1)

e X +2xh=243 D
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We wish to maximize the volume (V) and
V =x’h )

Qubstituting from (1) into (2) yieds

243 —x* 1
4 =x2[ > ]=5(243x—x3) )
For our purposes, clearly volume and width are positive and agraph of
volume againgt length of the base would look like:

V
N

The maximum vaue occurs when a =0

dx

l.e.  differentiating (2) with respect to x yields

dv 1
—=—(2431 3%’
dx 2( X)
When ?j—vzo, x =9 which dearly yieldsa maximum volume as seen
X

on the graph. By substituting for x in (1) it followstha h=9 dso.

Therefore the box of maximum volumeis 9 cms by 9 cms by 9 cms.
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Example

Question: Find the point(s) on the graph of y = x* which is (ar€) nearest to

g.

N |~

|
A 35;2,1

Let Pbeapoint (x,y) onthegraph of y=x*. Let AP=s.

2
Then s :\/(x#o)2 +§y#l%%

But Plieson y=x".

n2
! s=\/xz+§x2#1%|% D

2

Notetha it would essier to write (1) as s* = X’ +§x2 #1%'% (1) for

differentiating purposes.
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We wish to minimize s and hence weneed to differentiate (1) with

respect to x.

i.e. st_s =2x+2| x* - 11 2X @)
dx 2

When s isardative minimum, ?zo.
X

e 0=2x+(2x"! 3)2x

=2x(1+2x*! 3)

=2x(2¢%1 2)

=4x(x-1)(x+1)
e x=0, x=1, 0or x=11.
e Pis(00), (11), or(-11).
Comparing the three distances from A to the three possible positions
of P, it is clear that the minimum distance occurs when P isether ( 1,1)
or (-11).

Notethd, in fact, the distance from ( 0,0 ) to A is areative maximum.
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Sometimes a maximum/m inimum question is best answered differentiating more

than one eguation.

Example

Question: Prove that the rectangle of largest areawhich can beinscribed in a
crcleof fixed radiusis asguare.

Answer:

W

Let thefixed radius of thecirclebe r and the variable dimensions of
therectanglebe | (length) and w (width).

Let A betheareaof therectange.

Then A=Iw (@)

And 4% =1 +w? (2 Pythagores.
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Differentiate both equations with respect to w.

% = Wi +] (l)'

dw dw

0=20%L 420 (2
dw

From (2), dd_I:! VI—V
W

Qubgtituting in (1)’ yidds

dA w?
— =/ 1)
dw / &

When A ismaximum, d—Azo
dw

2
ie 0=! W7+1

and hence w=1.

The rectangle of maximum areais a square.
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Example

Question: A wire of length 60 metresis cut into two pieces. One pieceis bent
into the shape of an equilateral triangle and the other pieceis bent into
asquae. What arethe lengths of each sdeof the triangle and square
so the totd areaof thetriangle and the square is minimized (and
maximized?)

Answer:
i 30 i 1h i

Let eech sdeof thetriangle and square be a metresand b metres

respectively as shown.
b
] O
a a b b
N ]
a l)
Let A bethetotd areaand
then A=§a2+b2 @
and 60=3q+4b 2

Differentiate each equation with respect to a.

dA_N3 opd (1)
da 2 da
0=3+4L @

da
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. db - L
Qubstituting for . from (2)' into (1) yidds

ﬁ—i gy (1)

_y3 .
—7(a! J3b) 0
Snce A isto be minimized (or maximized)

Lea Aoy ie a=+3
da

and hence subgtituting in (2) yidds a=11.3 (gpprox.) and b=6.524.

l.e.  Length of sdeof thetriangleis 11.3 and length of the sdeof
the squareis 6.524.

It is not however readily clear whether these dimensions produce a

maximum or minimum tota areaor possibly only acritical vaue.

It is clear that afinite length of wire can be abounday for only afinite

areaand hence a maximum areamust exist as indesd a minimum area

must exist aso.

Qubstituting for b from (2) into (1) yields

_\/_2 60! 3a#
VR TR

A=0.9955a> —22.5a+ 225
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A4=0.995%"! 22.5:+225

225
(20,173.2)
Area
f ! > a
11.3 20
Length of side triangle

Notetha 0! a! 20 (abounded domain) and hence from the graph it

is clear that the maximum or minimum tota area occurs when Z—A 1S
a

not zero, it occurs a an end point of the graph.

To investigate weneed to look a the graph of area against the sde of
thetriangle. The graph clearly illustrates that the minimum tota area
occurs when a=11.3 (gpprox.) as found earlier and the maximum tota
areaoccurswhen a=0 i.e. when the piece of wireis bent entirely into

asquare (15 by 15) to yidd amaximum area of 225 square cms.
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Worksheet 1

MAX/M IN PROBLEMS

1. Find the maximum volume of acylinder whose radius and height add
up to 24.

2. Thesum of two numbersis4. Find the maximum vadue of xy* where x and
y aethe numbers.

3. A rectangular box isto have a capacity of 72 cubic centimetres. If thebox is
twice aslong as it iswide, find the dimensions of the box which require the
lesst materid.

4. Thevolumeof aconeis 18z cubic metres. Find the minimum length of the
dant edce.

5. Thedant edge of aconeis 3v/3. Find the height of the cone when the

volume is a maximum.
6. Find the minimum vaue of x! :—3\/3x+1. Does it have amaximum vaue?

7. Thematerid for the bottom of arectangular box with square base and open
top cods 3¢ per sg. cm. and for the other faces costs 2¢ per sg. cm. Find the
dimensions of such abox of maximum volume which can be madefor $5.76.

8. If xy =48 find the minimum vaue of x+ y* for positiveof x and y.

9. Find the dimensions of the cylinde of maximum volume which can be

inscribed in a sphere of radius 3 cms.



10.

11

13.

14.
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A rectangular sheet of cardboard is 8 cms by 5 cms. Equd squares are cut
from each of the corners so that the remainde can be folded into an open
topped box. Find the maximum volume of the box.

Find the maximum volume of acylinde which can be inscribed in acone
whose height is 3 cms and whose base radiusis 3 cms.

The volume of aclosed rectangular box with square baseis 27 cubic
metres. Find the minimum tota surface area of the box. Istherea
maximum surface area?

Find the dimensions of the cone of maximum volume which can be
inscribed in a sphere of radius 12 cms.

A closed metd box has a square base and top. The square base and top cost
$2 per square metre, but the other faces cost $4 per square metre. The
minimum cost of such abox having avolume of 4 cubic metresis:

(A) $2 (B)$8 (C) $16 (D) $48 (E) $64

Answeasto Worksheset 1

1 20487 6. !% No 11 4z

2. 27 7. 8by8by6 12. 54 No

3. 3by4by6 8 32 13. radius of baseis 82
4. 33 9. r=+6, h=2J3 height is 16

5 3 10. 18 cubic cms 14. D
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Worksheet 2

MAX/M IN PROBLEMS

1. At 12 noon aship going due east a 12 knots crosses 10 nautical miles ahead
of asecond ship going due north & 16 knots.

a) If s isthenumber of nauticd miles separating the ships, express s in
teemsof t (thenumber of hours ater 12 noon).
b) When are the ships closest and what isthe least distance between them?

2. Find the minimum distance of apoint on the graph xy* =16 from the origin.

3. Amancanrowa 3m.p.h.and run a 5m.p.h. Heis5 milesout to seaand
wishes to get to apoint on the coast 13 miles from where heis now. Where
should heland on the coast to get there as soon as possible? Does it matter
how far the point on the coast isfrom the man?

4. Find the dimensions of the rectangle of maximum areain thefirst quadrant
with verticeson the x axis, onthe y axis, & the origin and on the
parabola y=36! x*.

5. Find the maximum volume of acylinde which can be placed insdea
frustrum (lampshade) whose height is 4 cms and whose radii are 1 cms and
3cms. Isthere aminimum volume for the cylinde? If so, what isthe radius
of that cylinder?

6. A rectangleisto have an areaof 32 squarecms. Find its dimensions o that
the distance from one corner to the mid point of a non-adjacent edgeisa

minimum.
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7. A poster isto contain 50 square cms. of printed matter with margins of 4 cms.

each a thetop and bottom and 2 cms a each sde  Find the overdl
dimensions if thetota areaisaminimum. Doesthe poster have amaximum

ared?

8. A oylinde has atotd externd surface areaof 547 squarecms. Find the

)

maximum volume of the cylinder.

Find the shortest distance between y=x+10 and y=6x.

Answeasto Workshest 2

1

2.

8 s*=(12¢) +(10! 16¢) b) 1224 p.m. 6miles
243
3g miles No
4
2./3 by 24
8! . Yes, r=3.
4by8
18 by 9 No

54! cubic cms

1
J2
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Worksheet 3

MAX/M IN PROBLEMS

1. ABCD isatragpezoid in which 4B ispadldto DC. AB=BC=A4D=10
cms. Find CD so that the area of the trgpezoid is maximized and find the
maximum area.

2. A rectangle has constant area. Show tha the length of adiagond isleast when
therectangleisasguare.

3. A saling ship is 25 nautica miles due north of afloating barge. If the salling
ship sals south a 4 knots while the barge floats eest a 3 knots find the
minimum distance between them.

4. A sector of acirde hasfixed perimeter. For what centra angle !/ (in radians)
will the areabe greatest?

5. Thecost of laying cable on land is $2 per metre and the cost of laying cable
unde waer is $3 per metre. In the diagram below the river is 50 metres wide
and thedistance AC is 100 metres. Find thelocation of P if the cost of laying

the cable from A to B isaminimum.

>
o
Oe

River \
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A right circular cylindrica can isto have avolume of 90!/ cubic cms. Find
the height h and theradius » such that the cost of the can will be aminimum
given that the top and bottom cost 5 ¢ per square cm. and the laterd surface
areacosts 3 ¢ per square cm.

Find the maximum area of arectangle MNPQ where P and Q aretwo points

on thegraph of y= and N and M are the two corresponding points on

1+x°
the x axis.

Using agraphing cdculator, find the goproximate postion of the point(s) on
thecurve y = x*! 4x+10 between (0,10) and (4,10)

a) nearestto (1,6).

b) farthest from (1,6).

Answeasto Worksheet 3

1

2.

3.

20cms, 753
15 miles

2 radians

44.7 milesfrom C
h=10 and r =3
8

a) (141635) b) (4,10)
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Worksheet 4

=

MAX/M IN PROBLEMS

A piece of wire 8 metres long is cut into two pieces. One pieceis bent into
the shape of acircle and the other into the shgpe of asguare. Find theradius
of the circle so tha the sum of the two areasisaminimum. Istherea
maximum area?

Find the dimensions of the rectangle of maximum areain thefirst quadrant
with verticeson the x axis, on the y axis, a the origin and on the parabola
y=75! x.

A cone has dtitude 12 cms. and abase radius of 6 cms. Another coneis
inscribed insidethe first cone with its vertex a the center of the base of the
first cone and its base pardld to the base of thefirst cone. Find the
dimensions of maximum volume.

Find the proportions of aright circular cylinder of grestest volume which can
be inscribed insdea sphere of radius .

The cost of fud (per hour) in running alocomotive is proportiond to the
sguare of the speed and is $25 per hour for aspeed of 25 m.p.h. Other costs
amount to $100 per hour regardless of the speed. Find the speed a which the

motorist will make the cost per mile a minimum.
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6. A motorist isstranded in adesart 5 kms. from apoint A, which is the point on
along straight road nearest to him. He wishesto get to apoint B, on the
road, which is5 kms. from A. If he can travd a 15 km per hour on the desert
and 39 km per hour on the road, find the point a which he must hit the road
to get to B in the shortest possible time.

7. A man is 3 miles out to seafrom the nearest point A on land on a straight
coastline. Hecan row a 4 m.p.h. and hecan joga k m.p.h. What ishis
jogaing speed if he wishes to reach some point B on the coast as quickly as
possible and hetherefore lands4 milesfrom A? Assumethat B isat least 4
milesfrom A. Notethat the distance AB is not relevant.

8. @ Find the point Q on the curve defined by x*> —y* =16 in theinterva

41 x! 5 which isnearest to point P (0,2).
b) Find the point on the curvein the same intervd that is most distant
from P.

c) Veifytha PQ is perpendicular to the tangent to the curve a point Q.

Answesto Worksheet 4
4
1. e 5. 50m.p.h 8 a)(\/ﬁ,l)
2. 5by50 6. 2 b) (5.-3)
12
3 r=4,h=4 7. 5mp.h.

4. h:r=+2:1
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Worksheet 5

MAX/M IN PROBLEMS

1. Anisoscdestriangleis circumscribed about acircle of radius 3 cms,
Find the minimum possible area of the triangle.

2. Find the point on the graph of y =+/x which isnearest to (1,0).

3. A vaiablelinethrough the point (1,2) intersectsthe x axisa ( a,0) and
intersectsthe y axisa (0,6 ). These pointsare A and B respectively. Find
the minimum area of triangle AOB if O istheoriginand « and » ae
positive.

4. 3Afeet of wireareto bedivided up into two separate pieces, one of which is
madeinto asquare and the other into arectangle which istwice aslong & it is
wide Find the minimum totd areaand the maximum totd area

5. Wha arethe dimensions of arectangle of greatest areawhich can be lad out
in an isosceles triangle with base 36 cms. and height 12 cms.

6. Thecost of fud required to operate aboat a agpeed of r m.p.h. through the
water is 0.05-° dollars per hour. If the operator charges $3 per hour for the

use of the boat, what is the most economicaly way, in dollars per mile, to

travel upstream againgt a current of 2 m.p.h.
7. A cylindricd vessd with crcular baseis closed a both ends If itsvolumeis
10 cubic centimetres find the base radius when the totd externd surfaceis

least.

8. Find the point(s) on x* - y* =4 which are dosest to (6,0).
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Answeasto Worksheet 5

1. 273 squarecms
o 1117
%28

3 4

4. A squareft and 72% square ft

5 18by6
6. 10 m.p.h. through the water

7. r=1.17 (gpprox.)

. (.5)and (3.-5)

0o
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Worksheet 6

1. A man rows3 miles out to seafrom point A on astraght coast. Hethen
wishes to get as quickly as possible to point B on the coast 10 miles from A.
Hecan row & 4 m.p.h. and run & 5 m.p.h. How far from A should he land?

2. An open-topped storage box is to have a square base and verticd faces. If the
amount of sheet metd available is fixed, find the mogt efficient shapeto
maximize the volume.

3. A tegpeeisto be madeof poles which are 6 metreslong. What radius will
achieve the tegpee of maximum volume?

4. Find the dimensions of the right circular cone of minimum volume which can
be circumscribed about a sphere of radius 8 cms.

5. A rectangular sheet of cardboard of length 4 metres and width 2.5 metres has
four equa squares cut away from its corners and the resulting sheet is folded

to form an open-topped box. Find the maximum volume of the box.

Answasto Workshest 6
1 4miles

2. & by 2h by 2h where h 4, h=32 and =82

3. 26 5, 2% cubic m.



